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We construct a supersymmetric extension of double field theory that realizes the ten-dimensional
Majorana-Weyl local supersymmetry. In terms of a stringy differential geometry we proposed earlier,
our action consists of five simple terms – two bosonic plus three fermionic – and manifests not only
diffeomorphism and one-form gauge symmetry of B-field, but also O(10, 10) T-duality as well as a
direct product of two local Lorentz symmetries, SO(1, 9) × SO(9, 1). A gauge fixing that identifies
the double local Lorentz groups reduces our action to the minimal supergravity in ten dimensions.
PACS numbers: 04.60.Cf, 04.65.+e
Without resorting to vector notation, Maxwell’s origi-
nal equations consisted of twenty formulas. It was the ro-
tational or Lorentz symmetry that reorganized them into
four or two compact equations. Recent developments in
string theory indicate that supergravity theories – at least
those which have stringy origin – may undergo a similar
reformulation, and be greatly simplified with the renewed
understanding of their stringy structure or T-duality.
T-duality is a genuine stringy effect such that string
theory effective actions or ten-dimensional supergravities
should feature O(10, 10) structure [1–4]. The O(10, 10)
T-duality can be manifestly realized if we formally dou-
ble the spacetime dimension, from ten to twenty with
coordinates xµ → yA = (x˜µ, xν) [5–8], and reformulate
the ten-dimensional effective action in terms of twenty di-
mensional language i.e. tensors equipped with O(10, 10)
metric,
JAB =
(
0 1
1 0
)
. (1)
This kind of reformulation was coined Double Field The-
ory (DFT) [9–12], and has attracted much attention in
recent years [13–31]. In DFT, as a field theory coun-
terpart to the level matching condition of closed string
theories, the O(10, 10) d’Alembertian operator must be
trivial, acting on arbitrary fields as well as their products,
∂2Φ = ∂A∂
AΦ ≡ 0 , ∂AΦ1∂AΦ2 ≡ 0 . (2)
Hence locally, up to O(10, 10) rotation, all the fields are
independent of the dual coordinates, ∂∂x˜µ ≡ 0, and the
theory is not truly doubled [11].
In a sense, the O(10, 10) structure in DFT is a “meta-
symmetry” rather than a Noether symmetry, since only
after dimensional reductions can it generate a Noether
symmetry. Another feature of DFT is that, the diffeo-
morphism and the one-form gauge symmetry of B-field
are naturally unified into what we may call “double-gauge
symmetry,” as they are generated by the generalized Lie
derivative [8, 12, 32–34],
LˆXTA1···An := XB∂BTA1···An + ωT ∂BXBTA1···An
+
∑n
i=1(∂AiXB − ∂BXAi)TA1···Ai−1BAi+1···An ,
(3)
where ωT is the weight of TA1···An . Since this differs from
the ordinary Lie derivative, the underlying differential ge-
ometry of DFT is not Riemannian [7, 8, 14–16, 18, 32–37]
(see [38, 39] for extensions toM-theory). Namely, while
doubling the spacetime dimension is sufficient to mani-
fest the O(10, 10) structure, the double-gauge symmetry
(3) calls for novel mathematical treatment.
In this paper, we construct a supersymmetric exten-
sion of double field theory that manifests simultaneously
O(10, 10) T-duality and various gauge symmetries listed
in Table I including the double-gauge symmetry. In order
to do so, we employ the stringy differential geometry we
developed earlier in Refs.[14–16]. Especially we utilize
the “semi-covariant” derivatives proposed therein.
• O(10, 10) T-duality: Meta-symmetry
• Gauge symmetries
1. Double-gauge symmetry
– Diffeomorphism
– One-form gauge symmetry
2. Local Lorentz symmetries, SO(1, 9) × SO(9, 1)
3. Local Majorana-Weyl supersymmetry
TABLE I. T-duality and gauge symmetries in super DFT.
The supersymmetric DFT action we construct be-
low, Eq.(28), reformulates the ten-dimensional minimal,
i.e. N = 1 supergravity into five simple terms, while dou-
bling the local Lorentz symmetries. For a related su-
perspace analysis we refer readers to an earlier work by
Siegel [8].
2SETUP
Our supersymmetric extension is minimal such that
the field contents include the DFT-dilaton, double-
vielbeins, DFT-dilatino and gravitino, as well as a local
supersymmetry parameter,
d , VAp , V¯Bq¯ , ρ
α , ψ αp¯ , ε
α . (4)
Their weights are trivial except the DFT-dilaton, d, as it
is related to the conventional string dilaton, φ, through
e−2d =
√−ge−2φ [11], such that e−2d has weight unity
and
LˆXd := − 12e2dLˆX
(
e−2d
)
= XA∂Ad− 12∂AXA . (5)
Every field in (4) is covariant under all the bosonic
symmetries in Table I. The indices of each field denote
the relevant symmetry representations, as summarized in
Table II.
Index Representation Metric
A,B, · · ·
O(10, 10)
double-gauge
}
vector JAB in Eq.(1)
p, q, · · · SO(1, 9) vector ηpq = diag(−++ · · ·+)
p¯, q¯, · · · SO(9, 1) vector η¯p¯q¯ = diag(+−− · · ·−)
α, β, · · · Spin(1, 9) spinor Cαβ in Eq.(6)
TABLE II. Indices for each symmetry representation and the
relevant metrics that raise or lower the positions of them.
With the real SO(1, 9) gamma matrices, (γp)αβ , the
charge conjugation matrix, Cαβ , satisfies
(Cγp1p2···pn)αβ = −(−1)n(n+1)/2(Cγp1p2···pn)βα , (6)
and defines the conjugated spinors, ψ¯p¯α = ψ
β
p¯ Cβα, ρ¯α =
ρβCβα, etc. All the spinors are taken to be O(10, 10) sin-
glet and Majorana-Weyl, possessing definite chiralities.
With γ(10) = γ012···9 they obey
γ(10)ψp¯ = +ψp¯ , γ
(10)ρ = −ρ , γ(10)ε = +ε . (7)
The double-vielbein satisfies the defining properties [15],
VApV
A
q = ηpq , VApV¯
A
q¯ = 0 ,
V¯Ap¯V¯
A
q¯ = η¯p¯q¯ , VApVB
p + V¯Ap¯V¯B
p¯ = JAB .
(8)
Hence it generates a pair of rank-two projections [14],
PAB := VA
pVBp , P¯AB := V¯A
p¯V¯Bp¯ , (9)
that are symmetric, orthogonal and complementary, as
PAB = PBA , P¯AB = P¯BA ,
PA
BPB
C = PA
C , P¯A
BP¯B
C = P¯A
C ,
PA
BP¯B
C = 0 , PA
B + P¯A
B = δA
B .
(10)
Further they give a pair of rank-six, symmetric and trace-
less projections [15],
PCABDEF := PCDP[A[EPB]F ] + 29PC[APB][EPF ]D ,
P¯CABDEF := P¯CDP¯[A[EP¯B]F ] + 29 P¯C[AP¯B][EP¯F ]D .
(11)
We are now ready to recall the three differential opera-
tors from [14–16] and generalize them to include ‘torsion’,
∇A = ∂A + ΓA ,
DA = ∂A +ΦA + Φ¯A ,
DA = ∂A + ΓA +ΦA + Φ¯A .
(12)
The first, ∇A, is the semi-covariant derivative for the
double-gauge symmetry we developed in [14, 15],
∇CTA1A2···An := ∂CTA1A2···An − ωT ΓBBCTA1A2···An
+
∑n
i=1 ΓCAi
BTA1···Ai−1BAi+1···An .
(13)
The second, DA, is a covariant derivative for the pair
of local Lorenz symmetries having the connections, ΦA
and Φ¯A for SO(1, 9) and SO(9, 1) respectively [16].
The last, DA, is the “master” derivative combining
∇A and DA [16]. As for the unifying description of the
closed string massless bosonic sector, it annihilates all
the bosonic fields in (4),
DAVBp = ∂AVBp + ΓABCVCp +ΦApqVBq = 0 ,
DAV¯Bp¯ = ∂AV¯Bp¯ + ΓABC V¯Cp¯ + Φ¯Ap¯q¯V¯Bq¯ = 0 ,
DAd := − 12e2d∇A
(
e−2d
)
= ∂Ad+
1
2Γ
B
BA = 0 ,
(14)
and also all the “constants,” JAB, ηpq, η¯p¯q¯, Cαβ , (γp)αβ .
The connections are all skew-symmetric and related to
each other, from (8), (14), through
ΦApq = −ΦAqp = V Bp∇AVBq ,
Φ¯Ap¯q¯ = −Φ¯Aq¯p¯ = V¯ Bp¯∇AV¯Bq¯ ,
ΓABC = −ΓACB = VBpDAVCp + V¯Bp¯DAV¯Cp¯ ,
(15)
such that they assume the following most general forms,
ΦApq = Φ
0
Apq +∆Apq , Φ¯Ap¯q¯ = Φ¯
0
Ap¯q¯ + ∆¯Ap¯q¯ ,
ΓCAB = Γ
0
CAB +∆CpqVA
pVB
q + ∆¯Cp¯q¯V¯A
p¯V¯B
q¯ .
(16)
Here, from [15],
Γ0CAB = 2
(
P∂CPP¯
)
[AB]
+ 2
(
P¯[A
DP¯B]
E − P[ADPB]E
)
∂DPEC
− 49
(
P¯C[AP¯B]
D + PC[APB]
D
)(
∂Dd+ (P∂
EPP¯ )[ED]
)
,
(17)
and, with the corresponding derivative, ∇0A = ∂A + Γ0A,
Φ0Apq = V
B
p∇0AVBq , Φ¯0Ap¯q¯ = V¯ Bp¯∇0AV¯Bq¯ . (18)
As Γ0ABC = Γ
0
A[BC] in (17) is the unique connection
that further obeys [15, 16],
Γ0[ABC] = 0 , (P + P¯)CABDEFΓ0DEF = 0 , (19)
3Γ0A, Φ
0
B and Φ¯
0
C correspond to the “minimal” or
“torsionless” connections. The extra covariant pieces,
∆Apq = −∆Aqp and ∆¯Ap¯q¯ = −∆¯Aq¯p¯, then can be viewed
as torsion [16], being subject to
∆ApqV
Ap = 0 , ∆¯Ap¯q¯V¯
Ap¯ = 0 , (20)
which are necessary to maintain DAd = 0. As is the case
in ordinary supergravities, the torsion can be constructed
from the bi-spinorial objects. Specifically, in the present
work we set
ΓABC = Γ
0
ABC + i
1
3 ρ¯γABCρ+ i
1
3 ψ¯
p¯γABCψp¯
−2iρ¯γBCψA − 4iψ¯BγAψC .
(21)
Further, hereafter, for simplicity we put
ψA := V¯A
p¯ψp¯ , γ
A := V Apγ
p ,
Dp := V ApDA , Dp¯ := V¯ Ap¯DA ,
(22)
such that V¯ Ap¯ψA = ψp¯ and
{
γA, γB
}
= 2PAB, etc.
From [DA,DB]VCp = 0, [DA,DB]V¯Cp¯ = 0, the usual
curvatures of the three connections, ΓA, ΦA, Φ¯A,
RCDAB = ∂AΓBCD + ΓAC
EΓBED − (A ↔ B) ,
FABpq = ∂AΦBpq − ∂BΦApq +ΦAprΦBrq − ΦBprΦArq ,
F¯ABp¯q¯ = ∂AΦ¯Bp¯q¯ − ∂BΦ¯Ap¯q¯ + Φ¯Ap¯r¯Φ¯Br¯q¯ − Φ¯Bp¯r¯Φ¯Ar¯q¯ ,
(23)
satisfy the following relation,
RABCD = FCDpqVA
pVB
q + F¯CDp¯q¯V¯A
p¯V¯B
q¯ . (24)
However, they are not double-gauge covariant [15]. Co-
variant quantities are achievable if we define [15]
SABCD :=
1
2
(
RABCD +RCDAB − ΓEABΓECD
)
, (25)
satisfying, with ΓABC = Γ
0
ABC + ΛABC (16), (17),
SABCD = S
0
ABCD +D0[AΛB]CD +D0[CΛD]AB
+ ΛD[A
EΛ|C|B]E + ΛB[CEΛ|A|D]E − 12ΛEABΛECD .
(26)
Examples of the covariant quantities include
PABPCDSACBD , P¯
ABP¯CDSACBD ,
Spq¯ + 2iψ¯
AγpDAψq¯ − 2iψ¯q¯Dpρ ,
γADAρ , γADAψp¯ , Dp¯ρ , DAψA ,
ψ¯Aγp(DAψq¯ − 12Dq¯ψA) ,
(27)
where Spq¯ = V
A
pV¯
B
q¯SAB and SAB = SACB
C . This
generalizes our earlier results [15, 16] to the torsionful
connection (21).
SUPERSYMMETRIC DFT LAGRANGIAN
The supersymmetric double field theory Lagrangian we
construct in this work consists of five terms (cf. [8]):
LSDFT = e−2d
[
1
8
(
PABPCD − P¯ABP¯CD)SACBD
+ i 12 ρ¯γ
AD⋆Aρ+ iψ¯AD⋆Aρ+ i 12 ψ¯BγAD⋆AψB
]
,
(28)
where, with (21), D⋆A is defined by its own connection,
Γ⋆ABC = ΓABC − i 1196 ρ¯γABCρ− i 524 ψ¯p¯γABCψp¯
+i 54 ρ¯γBCψA + 2iψ¯BγAψC .
(29)
From (27) and [15, 16], each term in the Lagrangian is
invariant under all the bosonic symmetries listed in Ta-
ble I, while the whole Lagrangian is supersymmetric, up
to the strong level matching constraint (2), under
δεd = i
1
2 ε¯ρ ,
δεVAp = iε¯γpψA ,
δεV¯Ap¯ = −iε¯γAψp¯ ,
δερ = −γADˆAε ,
δεψp¯ = V¯
A
p¯DˆAε− i 14 (ρ¯ψp¯)ε− i 12 (ε¯ρ)ψp¯ ,
(30)
where, again with (21), DˆA is set by another connection,
ΓˆABC = ΓABC−i 1748 ρ¯γABCρ−i 14 ψ¯p¯γABCψp¯+i 52 ρ¯γBCψA .
(31)
Under arbitrary variations of all the fields, we get
δPAB = −δP¯AB = 2δV(ApVB)p ,
δVAp = δVBpP¯
B
A + δVB[pV
B
q]VA
q ,
δψA =
(
δψp¯ + ψq¯δV¯B
q¯V¯ Bp¯
)
V¯A
p¯ − ψBδV BpVAp ,
δΦApq = DA(V BpδVBq) + V BpV CqδΓABC ,
δΦ¯Ap¯q¯ = DA(V¯ Bp¯δV¯Bq¯) + V¯ Bp¯V¯ Cq¯δΓABC ,
δSABCD=D[AδΓB]CD − 32Γ[EAB]δΓECD +[(A,B)↔ (C,D)],
(32)
and, the Lagrangian transforms up to total derivatives
(∼=) as
δLSDFT ∼= −2δd× LSDFT + δΓABC × 0
+ 12e
−2dδV BpV¯Bq¯
×
(
Spq¯ − 2iψ¯q¯Dˆpρ+ iψ¯AγpD♭q¯ψA + iρ¯γpD♯q¯ρ
)
+ ie−2d
(
δρ¯− 14δVBq ρ¯γBq
)× (γAD♯Aρ− DˆAψA)
+ ie−2d
(
δψ¯p¯ + ψ¯q¯δV¯Bq¯ V¯
Bp¯ − 14δVBqψ¯p¯γBq
)
×
(
Dˆp¯ρ+ γAD♭Aψp¯
)
.
(33)
From this, covariant, four sorts of equations of motion
(two bosonic and two fermionic) can be readily read off.
Here we let for D♯A, D♭A in the fermionic equations of
motion,
Γ♯ABC = ΓABC − i 3196 ψ¯r¯γABCψr¯ + i 1724 ρ¯γBCψA ,
Γ♭ABC = ΓABC − i 3196 ρ¯γABCρ− i 512 ψ¯r¯γABCψr¯
+ i 12 ρ¯γBCψA + 4iψ¯BγAψC .
(34)
The 1.5 formalism that is familiar in ordinary super-
gravities holds in (33): the variation of the Lagrangian
by δΓABC , with (32), identically vanishes for the solution
(21), while the equations of motion for the fermions can
be obtained from the fermionic sector only i.e. the last
three terms in the Lagrangian (28), with (29).
4DFT SUPERSYMMETRY ALGEBRA
Starting from the supersymmetry transformation rule
of each DFT field in Eq.(30), through straightforward yet
somewhat lengthy computations, we can obtain the fol-
lowing supersymmetry commutator relations, up to the
strong level matching constraint (2),
[δε1 , δε2 ] d ≡ LˆX3d ,
[δε1 , δε2 ]VAp ≡ LˆX3VAp + δε3VAp + ΛpqVAq ,
[δε1 , δε2 ] V¯Ap¯ ≡ LˆX3 V¯Ap¯ + δε3 V¯Ap¯ + Λ¯p¯q¯V¯Aq¯ ,
[δε1 , δε2 ] ρ ≡ LˆX3ρ+ δε3ρ+ 14Λpqγpqρ
− 12Xp3γp
(
γAD♯Aρ− DˆAψA
)
,
[δε1 , δε2 ]ψp¯ ≡ LˆX3ψp¯ + δε3ψp¯ + 14Λpqγpqψp¯ + Λ¯p¯q¯ψq¯
+ 132
(
1
5!Y
mnpqrγmnpqr − 14Xp3γp
)(Dˆp¯ρ+ γAD♭Aψp¯) ,
(35)
where, with
Y mnpqr = iε¯2γ
mnpqrε1 ,
Φ′Apq = Φ
0
Apq + i
1
24 ρ¯γApqρ− i 724 ψ¯r¯γApqψr¯ ,
(36)
the parameters are given by
XA3 = iε¯2γ
Aε1 ,
ε3 = i
1
2 [(ε¯2γ
pε1)γpρ+ (ρ¯ε2)ε1 − (ρ¯ε1)ε2] ,
Λpq = 2Dˆ[pX3q] − i 148 ψ¯p¯γlmnψp¯Ylmnpq +Φ′ApqXA3 ,
Λ¯p¯q¯ =
(
Φ¯0Ap¯q¯ − iψ¯p¯γAψq¯
)
XA3 .
(37)
In particular, Λpq= −Λqp and Λ¯p¯q¯= −Λ¯q¯p¯ correspond
to the so(1, 9) and so(9, 1) local Lorentz symmetry
parameters respectively. Further, since Xp3Cγp and
C( 15!Y
mnpqrγmnpqr − 14Y pγp) are symmetric, the terms
that are proportional to the fermionic equations of mo-
tion in (35) correspond to the fermionic “trivial” gauge
symmetry [40].
Identifying the common symmetry parameters in (37)
on the right hand side of each line in (35) provides a non-
trivial consistency check. For this, note also identically,
δε3d = i
1
2 ε¯3ρ = 0 . (38)
Therefore, the commutator of DFT supersymmetry
transformations (30) closes up to the strong level match-
ing constraint and every gauge symmetry listed in Ta-
ble I, as well as the fermionic equations of motion,
[δε1 , δε2 ] ≡ LˆX3 + δε3 + δso(1,9) + δso(9,1) + δtrivial . (39)
COMMENTS
From (17), (21), (24), up to the strong level matching
constraint (2), we obtain
PABP¯CDSACBD = − 12PABP¯CDΓEABΓECD ≡ 0 ,
PABPCDSACBD ≡ PABSAB ,
P¯ABP¯CDSACBD ≡ P¯ABSAB .
Hence, the bosonic part of the Lagrangian (28) may
reduce to the single term, 18HABSAB that was previously
suggested in [15] with the so-called generalized metric,
HAB = PAB − P¯AB . However, the expression in (28)
appears more directly relevant to the 1.5 formalism (33).
The double-vielbeins, VAp, V¯Ap¯ (8), admit explicit
parametrization in terms of the Kalb-Ramond B-field
and a pair of zehnbeins corresponding to the common
spacetime metric, eµ
peν
qηpq = −e¯µp¯e¯ν q¯ η¯p¯q¯ = gµν , in
an O(10, 10) covariant manner [15, 16]. Gauge fixing
the two zehnbeins equal to each other breaks O(10, 10)
to O(10)⋊GL(10) [15] and the pair of local Lorentz
symmetries to a single one. Further, as shown in
detail in the Appendix, it reduces our supersymmetric
DFT to the ten-dimensional N = 1 supergravity of
eleven-dimensional origin [41] (c.f. [42, 43]). This result
seems to suggest that a generic supergravity theory is an
O(D,D) and hence double local Lorentz broken double
field theory.
The supersymmetric completion of Refs.[23, 24] for
type IIA/IIB supergravity remains as a future work.
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Note added : After our submission, Ref.[44] appeared
in arXiv which also addresses the supersymmetrization
of DFT, yet up to the quadratic order in fermions. It
differs in detail from our full order analysis.
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Appendix A: Reduction from 11D to 10D supergravity
Here after spelling out the 11D supergravity by Cremmer, Julia and Scherk [41], we set up our ansatz of its
dimensional reduction to the 10D minimal supergravity. Our ansatz differs in detail from those in [42, 43], and
is designed to produce the precise 10D N = 1 supergravity in string frame with which our supersymmetric DFT
matches.
1. 11D supergravity from Ref.[41]
With the eleven-dimensional curved and flat vector indices, M,N,P, · · · and A,B,C, · · · respectively, the 11D
supergravity action is
L11D = E4κ2R(E,ω)− iE2 Ψ¯MΓMNPDN(ω+ωˆ2 )ΨP − E48FMNPQFMNPQ
+iEκ192 (Ψ¯MΓ
MNPQRSΨN + 12Ψ¯
PΓQRΨS)(FPQRS + FˆPQRS)
− 2κ(144)2 ǫM1M2M3M4N1N2N3N4P1P2P3FM1M2M3M4FN1N2N3N4AP1P2P3 ,
(A1)
where, DM is a covariant derivative with respect to the 11D local Lorentz transformation only, such that with the
standard Christoffel symbol, it satisfies
DM (ω)EN
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P
NEP
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P
N =
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M
P
N
}
+ hM
P
N . (A2)
6Further we have
ωMAB = −ωMBA = 12
[
EA
N (∂MENB − ∂NEMB + EMC∂PENCEPB)− (A↔ B)
]
+ hMAB ,
hMAB = −hMBA = iκ2
(
1
4ΨPΓMAB
PQΨQ + Ψ¯MΓ[AΨB] +
1
2 Ψ¯AΓMΨB
)
,
(A3)
and
ωˆMAB = ωMAB − iκ24 Ψ¯PΓPQMABΨQ ,
FˆMNPQ = FMNPQ − 3iκΨ¯[MΓNPΨQ] .
(A4)
The supersymmetry transformations are
δEEAM = iκE¯ ΓAΨM ,
δEΨM = 1κDˆM (ωˆ, Fˆ )E ,
δEAMNP = i 32 E¯ Γ[MNΨP ] ,
(A5)
where
DˆM (ωˆ, Fˆ ) = DM (ωˆ)− κ144 (ΓMPQRS − 8δPMΓQRS)FˆPQRS . (A6)
2. Ansatz of the reduction
With the decomposition of the curved and the flat 11D vector indices,
M = (µ, 11) , A = (a, z) , (A7)
after putting κ = 1, our ansatz of the reduction is as follows. For the elfbein we set
EM
A =

 e−
1
3
φeµ
a 0
0 e
2
3
φ

 , (A8)
and for the three-form gauge field, we put
Aµνλ = 0 , Aµν11 =
1
2Bµν .
(A9)
Further for the fermions, we write
Ψa =
1
62
1
4 e
1
6
φ
(
5ψa − γabψb − γaρ
)
,
Ψz = − 132
1
4 e
1
6
φ (ρ+ γaψa) ,
E = 2− 14 e− 16φε ,
(A10)
and impose the chirality conditions,
γ(10)ψa = ψa , γ
(10)ρ = −ρ . γ(10)ε = ε . (A11)
7Finally, we reduce the 11D supersymmetry (A5) to 10D N = 1 supersymmetry, by adding an so(1, 9) local Lorentz
transformation, parametrized by Λ′ab = i
1
6 ε¯γab(ρ+ γ
cψc),
δ11DE + δΛ′ ⇒ δ10Dε . (A12)
3. 10D N = 1 supergravity
The resulting 10D N = 1 supergravity action is, after heavy usage of the Fierz identities (A23), (A24), (A25),
(A26), (A27),
L10D = e× e−2φ
[
R+ 4∂µφ∂
µφ− 112HλµνHλµν
+ i2
√
2ρ¯γm(∂mρ+
1
4ωmnpγ
npρ+ 124Hmnpγ
npρ)
− i4√2ψ¯p(∂pρ+ 14ωpqrγqrρ+ 18Hpqrγqrρ)
− i2√2ψ¯pγm(∂mψp + 14ωmnpγnpψp + ωmpqψq + 124Hmnpγnpψp − 12Hmpqψq)
+ 124 (ψ¯
qγmnpψq)(ψ¯
rγmnpψr)− 148 (ψ¯qγmnpψq)(ρ¯γmnpρ)
]
,
(A13)
of which the N = 1 supersymmetry is, from (A12), given by
δεφ = i
1
2 ε¯(ρ+ γ
aψa) ,
δεe
a
µ = iε¯γ
aψµ ,
δεBµν = −2iε¯γ[µψν] ,
δερ = − 1√2γa(∂aε+ 14ωabcγbcε+ 124Habcγbcε− ∂aφε)
+ i 148 (ψ¯
dγabcψd)γ
abcε+ i 1192 (ρ¯γabcρ)γ
abcε
+ i 12 (ε¯γ[aψb])γ
abρ ,
δεψa =
1√
2
(∂aε+
1
4ωabcγ
bcε+ 18Habcγ
bcε)
− i 12 (ρ¯ε)ψa − i 14 (ρ¯ψa)ε+ i 18 (ρ¯γbcψa)γbcε
+ i 12 (ε¯γ[bψc])γ
bcψa .
(A14)
Here we set ∂p = (e
−1)pµ∂µ and assume the standard spin connection, ωµpq = (e−1)pν▽µeνq, with the diffeomorphsim
covariant derivative, ▽µ, given by the torsionless, Christoffel symbol.
4. Matching the supersymmetric DFT and the 10D supergravity
The double-vielbein satisfies the defining properties (8),
VApV
A
q = ηpq , VApV¯
A
q¯ = 0 ,
V¯Ap¯V¯
A
q¯ = η¯p¯q¯ , VApVB
p + V¯Ap¯V¯B
p¯ = JAB ,
(A15)
8which are manifestly O(10, 10) covariant. Assuming that the upper half blocks of VAP and V¯Ap¯ are non-degenerate,
the double-vielbein takes the following most general form [15, 16]
VAp =
1√
2

 (e−1)pµ
(B + e)νp

 , V¯Ap¯ = 1√2

 (e¯−1)p¯µ
(B + e¯)νp¯

 . (A16)
Here eµ
p and e¯ν
p¯ are two copies of the zehnbeins corresponding to the same spacetime metric,
eµ
peν
qηpq = −e¯µp¯e¯ν q¯η¯p¯q¯ = gµν , (A17)
and Bµν = −Bνµ can be identified as the Kalb-Ramond two-form gauge field. We also set in (A16),
Bµp = Bµν(e
−1)pν , Bµp¯ = Bµν(e¯−1)p¯ν . (A18)
In particular, (e¯−1e)p¯p and (e−1e¯)pp¯ are local Lorentz transformations, satisfying
(e¯−1e)p¯p(e¯−1e)q¯qηpq = −η¯p¯q¯ ,
(e−1e¯)pp¯(e−1e¯)qq¯ η¯p¯q¯ = −ηpq .
(A19)
Since (A15) is manifestly O(10, 10) covariant and the parametrization (A16) is quite generic, the constraint (A17)
is compatible with the O(10, 10) structure. For its explicit verification, we refer (41), (42), (43) in [15] or section 3.2
of [16].
Now, with the explicit parametrization (A16), from (31) in [15] and (4.51) in [16], upon the strong level matching
constraint, ∂˜ ≡ 0, our supersymmetric DFT Lagrangian (28) decomposes into three parts: genuine bosonic terms,
quadratic fermion terms, and quartic fermion terms,
LSDFT = L0 + L2 + L4 , (A20)
each of which reads explicitly,
e2dL0 = 18
(
PABPCD − P¯ABP¯CD)S0ABCD
≡ 18
(
R+ 4✷φ− 4∂µ∂µφ− 112HλµνHλµν
)
,
e2dL2 = i 12 ρ¯γAD0Aρ+ iψ¯AD0Aρ+ i 12 ψ¯BγAD0AψB
≡ i 1
2
√
2
ρ¯γm
(
∂mρ+
1
4ωmnpγ
npρ+ 124Hmnpγ
npρ
)
+ i 1√
2
ψ¯p¯
(
∂p¯ρ+
1
4ωp¯qrγ
qrρ+ 18Hp¯qrγ
qrρ
)
+ i 1
2
√
2
ψ¯p¯γm
(
∂mψp¯ +
1
4ωmnpγ
npψp¯ + ω¯mp¯q¯ψ
q¯ + 124Hmnpγ
npψp¯ +
1
2Hmp¯q¯ψ
q¯
)
,
e2dL4 = 18
[
1
24 (ψ¯
DγABCψD)(ψ¯
EγABCψE) +
1
48 (ψ¯
DγABCψD)(ρ¯γ
ABCρ)
]
= 18
[
1
24 (ψ¯
p¯γmnpψp¯)(ψ¯
q¯γmnpψq¯) +
1
48 (ψ¯
p¯γmnpψp¯)(ρ¯γ
mnpρ)
]
,
(A21)
where ∂p = (e
−1)pµ∂µ, ∂p¯ = (e¯−1)p¯µ∂µ, ωµpq = (e−1)pν▽µeνq, ω¯µp¯q¯ = (e¯−1)p¯ν▽µe¯νq¯, etc.
After gauge fixing, e¯µ
p¯ = eµ
p, with the identification, η¯p¯q¯ = −ηpq, which breaks O(10, 10) to O(10)⋊GL(10)
[15], and the pair of local Lorentz symmetries to a single one, so(1, 9)× so(9, 1) → so(1, 9), it is straightforward to
check that the supersymmetric DFT Lagrangian (A21) coincides with the 10D N = 1 supergravity Lagrangian (A13).
Further, the DFT supersymmetry (30) agrees with the 10D N = 1 supersymmetry (A14), up an so(1, 9) local Lorentz
transformation corresponding to the former of so(1, 9)× so(9, 1) having the parameter,
− iε¯γpψq + iε¯γqψp . (A22)
95. Fierz identities
Relevant Fierz identities include
ρ¯γpqrρ(ρ¯γpqr)α = 0 , (A23)
1
16 ρ¯γ
pqrρψ¯p¯γpqrψ
p¯ = ρ¯γpqψp¯ρ¯γ
pqψp¯ , (A24)
− 11728 ψ¯mγnpqψmρ¯γnpqρ− 19864 ρ¯γmnpρψ¯mγnψp + 112 ρ¯ψmρ¯γmnψn − 11864 ρ¯γmnψpρ¯γmnψp
− 7216 ρ¯γmnψpρ¯γnpψm − 1432 ρ¯γmnψpρ¯γmnpqψq − 1864 ρ¯γmnpqψq ρ¯γmnprψr
− 11728 ρ¯γmnpρψ¯qγqrmnpψr − 1144 ρ¯γmnψnρ¯γmpψp − 7864 ρ¯γmnpρψ¯nγmpqψq = 0 ,
(A25)
− 112 ρ¯ψmψ¯mγnψn + 131728 ψ¯mγnpqψmρ¯γpqψn + 19288 ψ¯mγnψpρ¯γmpψn − 116 ψ¯mγnψpρ¯γnpψm
− 172 ψ¯mγmψnρ¯γnpψp − 11728 ψ¯mγnpqψmρ¯γnpqrψr + 25864 ψ¯mγnψpρ¯γmnpqψq
− 51728 ρ¯γmnψpψ¯qγqrpmnψr − 11728 ρ¯γmnpqψqψ¯rγrsmnpψs + 13432 ρ¯γmnψpψ¯mγnpqψq
+ 7864 ρ¯γ
mnψpψ¯pγmnqψ
q + 1864 ρ¯γ
mnpqψqψ¯nγmprψ
r = 0 ,
(A26)
and
− 11216 ψ¯mγnpqψmψ¯pγnψq + 73432 ψ¯mγnψpψ¯mγnψp − 71432 ψ¯mγnψpψ¯nγmψp − 1144 ψ¯mγnψnψ¯mγpψp
+ 1108 ψ¯
mγnψpψ¯qγqrmnpψ
r − 1108 ψ¯mγnpqψmψ¯nγpqrψr − 112 ψ¯mγnψpψ¯mγnpqψq
+ 1144 ψ¯
mγnψpψ¯nγmpqψ
q + 1864 ψ¯mγ
mnpqrψnψ¯pγqrsψ
s − 1432 ψ¯mγnpqψqψ¯nγmprψr
+ 1216 ψ¯
mγnpqψqψ¯mγnprψ
r − 1192 ψ¯qγmnpψqψ¯rγmnpψr = 0 .
(A27)
